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MULTISCALE DECOMPOSITIONS IN IMAGING AND INVERSE
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ABSTRACT. We consider the multiscale procedure developed by Modin, Nach-
man and Rondi, Adv. Math. (2019), for inverse problems, which was inspired
by the multiscale decomposition of images by Tadmor, Nezzar and Vese, Multi-
scale Model. Simul. (2004). We investigate under which assumptions this clas-
sical procedure is enough to have convergence in the unknowns space without
resorting to use the tighter multiscale procedure from the same paper. We
show that this is the case for linear inverse problems when the regularization
is given by the norm of a Hilbert space. Moreover, in this setting the multiscale
procedure improves the stability of the reconstruction. On the other hand, we
show that, for the classical multiscale procedure, convergence in the unknowns
space might fail even for the linear case with a Banach norm as regularization.
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1. INTRODUCTION

We consider the multiscale decomposition developed in [I3], which extended to
inverse problems and other imaging applications the so-called (BV-L?) multiscale
decomposition of images introduced in [I9] and based on the classical ROF model
for denoising [16]. We briefly review this general multiscale procedure and its main
features.

Let X be a real Banach space with norm || - || = || - ||x. Let E be a closed
nonempty subset of X.

Let Y be a metric space with distance d = dy. Let A € Y and A : E — Y such
that the function E 3 o + d(A, A(0)) is continuous with respect to the (strong)
convergence in X.

The model we have in mind is the following kind of inverse problem. We aim
to recover the unknown properties of a physical system by some kind of indirect
measurements, for example by suitably probing it and measuring its reaction. In
this case X is the unknown data space or unknowns space, with E representing the
admissible ones, and Y is the measurements space. The possibly nonlinear operator
A is the operator mapping the unknown data into the corresponding measurements.
We aim to recover the unknown data & € E from A, an approximation of the corre-
sponding measurements A(5). Even if A is injective, that is, we have uniqueness for
the inverse problem, usually its inverse is not continuous, that is, we lack stability of
the inverse problem. In order to recover stability, we have to impose suitable a priori
assumptions on the unknowns or, from the numerical point of view, adopt a suitable
regularization procedure. Since here we use a variational method of reconstruction,
we focus on a Tikhonov type regularization with a regularization operator R.

Let us fix R: X — [0, +00], with R(0) = 0, and two positive constants a and
such that the following holds.
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Assumption 1. For 6 = 0 and for any 6 € E and any A > 0 the following
minimization problem admits a solution
(1.1) min{A(d([\,A(&Jru)))a F(R@W)?: 6+ue E}

Inspired by [19], in [I3] the following multiscale procedure was developed. Fixed
positive parameters \,, n > 0, let o9 = ug € E solve

(1.2) min {)\0 (d(A, Aw))" + (R(w))? : ue E} .
Then by induction we define o,, n > 1, as follows. Let u,, be a solution to
(1.3) min {)\n (d(A, A(on_1 +u)* + (R(w)? : on 1 +uc E}
and we denote o, = 0,1 + u,, that is, o, is the partial sum
(1.4) on:Zuj for any n € N.

§=0

By Assumption [I] the sequence {0, },>0 exists, but it might be not uniquely de-
termined. Since

(1.5) d(A,A(oy)) < d(A,A(op—1)) for any n > 1,

we can define )
go = limd(A, A(oy,))

and note that 3
g0 > 0o = inf {d(A,A(0)) : 0 € E}.
The following two theoretical questions are of interest.

1) Convergence in the measurements space. Prove that {o,},>0 is a mini-
mizing sequence, that is, eg = dp or

1i7rlnd(/~X,A(on)) = inf{d(A,A(a)) : o€ E}.

2) Convergence in the unknowns space. If 1) holds, prove that o,, converges
in X, possibly up to a subsequence, to 0o € E. Moreover, show that o, is a
solution to the inverse problem, namely it solves the minimization problem

(1.6) min {d(A, A(0)) : o€ E}.

We assume that 1) holds. Indeed, if 0, — 00 in X as k — o0, then o
solves ([L6]). Therefore, a necessary condition for 2) to hold is that the minimization
problem (L6]) admits a solution.

Before discussing questions 1) and 2), let us review the development of the theory
so far. The multiscale decomposition started in a beautiful paper, [19], where a noisy
image f was decomposed by the same iterative procedure using the ROF model for
denoising, [16], namely for f € L?(Q)

min {)\0||f —ul3aq) + TV(u): ue L?(Q)} .

In other words, here X = E =Y = L?(Q), A is equal to the identity, R(u) = TV (u),
TV denoting the total variation, and €2 is either R? or a bounded Lipschitz domain
contained in R2. In [19] it was proved that for f € BV(Q), or some intermediate
space between BV (Q2) and L?(Q), we have the following multiscale decomposition

—+o0

f= 1i7rln0n = Zun in L*(Q).

n=0
In [20], such a multiscale decomposition method was applied, without any conver-
gence results, to other imaging problems, for instance to a deblurring problem. In
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this case, A : L?(Q) — L?(Q) is a linear blurring operator (for example the convo-
lution with a suitable point spread function if Q = R?), and f is a perturbation due
to noise of a blurred original image &, that is, f = A(6) + noise and the multiscale
procedure is based on

min{)\oﬂf — A2y + TV (1) : ue LQ(Q)}.

The deblurring problem is the prototype for the linear case we discuss below.

In [13], the convergence analysis for these multiscale procedures was greatly en-
hanced and the multiscale theory was extended to include general nonlinear inverse
problems and other imaging applications such as image registration in the LDDMM
framework. The main results of [I3], at least for inverse problems, will be summa-
rized below. An immediate side effect of [I3l, Theorem 2.1], which is here recalled
as Theorem [[T] was the proof that the multiscale decomposition of images in [19]
is valid for any f € L?(Q2). We point out that such a result was actually announced
in [7] but their proof, which used completely different methods, has never been
published.

After [I3], multiscale procedures gained more and more attention and several
further developments appeared. In [9] quantitative convergence and error estimates
as well as stopping criteria depending on noise level were analyzed for the linear
case. Still in the linear case, in [8], the use of convex or nonconvex regularization
terms was discussed. In [12], the procedure has been extended to optimal trans-
port problems. In [2I] the multiscale procedure has been used for solving a blind
deconvolution problem.

Back to our questions, about issue 1), a comprehensive solution is given in [13]
Theorem 2.1], which we recall for the convenience of the reader.

Theorem 1.1. Assume that
(1.7) R(0) =0, R(—u) = R(u) and R(u+ ) < R(u) + R(@) for any u, 4 € X.

Assume also that

(1.8) {u e E: R(u) < +oo} is dense in E
and that Assumption 1 holds.
If
2hn
(1.9) lim sup < ~+00,

then for the multiscale sequence {op}n>0 given by (L2), (L3) and (L) we have
€o = 0o, that is,

1i7rln d(A,A(y,)) = inf {d(iX,A(U)) : 0 € E}.

The following assumptions on R guarantee that the required hypothesis on R in
Theorem [Tl are satisfied.

Assumption 2. We assume that R satisfies (7)), (L)),
(1.10) {u € X : R(u) < b} is relatively compact in X, for any b € R
and

(1.11) R is lower semicontinuous on X, with respect to the convergence in X.

Issue 2) is much more delicate. Given Assumption 2 in [I3] a so-called tighter
multiscale procedure was developed, for which a result analogous to Theorem [I.]
holds, see [I3, Theorem 2.4]. For such a tighter version, in [I3, Theorem 2.5] con-
vergence, up to a subsequence, of o, in X was proved, provided the following is
satisfied.
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Assumption 3. There exists ¢ € E such that
(1.12) d(A,A(6)) = 6y = min {d([\,A(O’)) : 0€E} and R(6) < +oo.

Without loss of generality, one can further assume that ¢ solves the following min-
imization problem

(1.13) min {R(c) : o € E and d(A, A(0)) = do} = Ry < +o00.

Under Assumption Bl we call set of optimal solutions of the inverse problem the
set Sopt given by

Sopt = {0 € E: d(A,A(0)) = 6y and R(o) = Ro}.

Remark 1.2. If Assumption [ holds, then we can drop in Theorem [I.T] the dense-
ness condition (LS.

In this paper we investigate whether, under Assumption [l the tighter proce-
dure is really needed or we can guarantee convergence of o,, also for the classical
multiscale procedure. We consider two particular cases.

A) The linear case. Let X and Y be Banach spacesand E=X. Let A: X —» Y
be a continuous linear operator. Let R : X — [0, +o0] be a convex function on
X. We assume that > 1 and g > 1.

B) The convex case. Let X be a Banach space and Y be a metric space. We
assume that E is convex and that E 3 o — d(A, A(c)) is a continuous convex
function. Let R : X — [0, +00] be a convex function on X. We assume that
a>1and g > 1.

We note that the linear case is a particular case of the convex one. For the convex
case, an interesting assumption on R is the following.

Assumption 4. For any w and @ € X such that u # @ and R(u) = R(4) < +o0,
we have

R(u+t(t —u)) < R(u) = R(a) for any t € (0,1).
Moreover, we talk of a Banach norm regularization if R is of the following kind.

Assumption 5. Let F be a Banach space such that E = F N X # {0}. Then we
define the regularization R for any u € X as

S ullp fueFNnX
(1.14) R(u) = { +oo  otherwise.

We note that R satisfies (I7) and it is convex on E, thus on X.

Remark 1.3. We note that if R is the norm of a vector space, such as in Assump-
tion [l for example, Assumption HEl correspond to strict convexity of the normed
vector space.

Finally, we talk of a Hilbert norm regularization if R is as in Assumption [ with
F being a Hilbert space, namely if R is of the following kind.

Assumption 6. Let H; be a Hilbert space such that £ = H; N X # {0}. Then we
define the regularization R for any u € X as

_ el ifue HinX
(1.15) R(u) —{ +oo  otherwise.

We note that R satisfies (I7), it is convex on E, thus on X, and it satisfies As-
sumption Ml
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About question 2), that is, convergence in the unknowns space for the classi-
cal multiscale procedure, we have results both of positive kind (Section [B) and of
negative kind (Section H).

In Section B.Jlwe show our convergence results for the classical multiscale proce-
dure. Under Assumption [3 convergence up to subsequences is proved in the convex
case when R is a Hilbert norm regularization as in Assumption [l see Theorem 3.2
Another interesting feature of the Hilbert norm regularization is that, under As-
sumption Bl convergence, both in the measurements space and in the unknowns
space, is guaranteed provided 1171;11 An = +0o without any further control of the rate

with which the sequence goes to +o0, that is, we can drop the assumption (LJ).
Let us note that under the assumptions of Theorem B.2] there exists exactly one
optimal solution, that is, Sope = {6}, with & solving (LI3)). In the linear case, still
for a Hilbert norm regularization, something more can be said, Corollary In
fact, we have that lirrln op = 0 in X, that is, the following multiscale decomposition

holds

We also show that for the Hilbert norm regularization, the multiscale procedure
helps to improve the stability of the reconstruction for inverse ill-posed problems,
with respect to the single-step regularization, see Section B2l A numerical illustra-
tion and validation of such an improvement of the stability for an image deblurring
problem is contained in Section 3.3l

Unfortunately, such results might cease to hold even in the linear case for a
Banach norm regularization and under Assumption Bl Actually, convergence in
the unknowns space may fail completely since ||o,||x might be even diverging to
+00. In order to show this, in Section M we develop several counterexamples. In
Theorems and we consider two examples in the discrete case, for spaces of
sequences. In Theorem we consider a continuous case, with the same structure
as the original construction developed in [I9] on the line, that is, for the multiscale
decomposition of signals, but with a linear continuous and injective operator A
which is different from the identity. In other words, for some very nasty linear
blurring or deforming operators of signals, the multiscale procedure might not be
converging in the unknowns space. We conclude that to guarantee convergence
of the classical multiscale procedure some further structural assumptions on the
problem or the operator A are required. We show here that the regularization being
the norm of a Hilbert norm suffices. Another interesting example is the so-called
closure bound, [18, formula (4.19)], used in [18] to construct through the multiscale
procedure bounded solutions in RY to the equation div(u) = f for f € L.

The plan of the paper is as follows. Section [2]is a preliminary section where we
review the linear case, when Y = H is a Hilbert space, « = 2 and 8 = 1. We show a
Parseval-like identity (Section 2]), following Meyer’s work [I1] we provide a char-
acterization of minimizers (Section 22]), and we briefly discuss applications to the
classical (BV-L?)-decomposition of images or signals developed in [19] (Section 2Z.3).
In Section Bl we develop our positive results for the Hilbert norm regularization.
Finally, in Section [ we construct several counterexamples showing the possible
failure of convergence in the unknowns space.

2. THE LINEAR CASE

In this section we review some basic properties of the linear case, when Y is
a Hilbert space. Apart from some remarks in Section 23] all other results in this
section are well-known.
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Let Y = H be a Hilbert space with scalar product (-, -}y and norm || - ||z. Let
X be a Banach space, E = X, and let A : X — H be a bounded linear operator.
Let R: X — [0,+00] be a function such that R(0) < +oo0.

We consider the following minimization problem, for some positive parameter Ag
and a given datum f € H,

(2.1) min {Xo||f — A(w)||3; + R(u) : ue X}.

Remark 2.1. The minimum, if it exists, is always finite since for v = 0 the value
of the functional to be minimized is || f||% + R(0). Hence, if ug is a minimizer, then
R(up) < +o0.

We begin with a remark on uniqueness, whose proof is standard.
Remark 2.2. Assume that R is convex on X. If a solution ug to (2]) exists, then
u solves (2.1)) if and only if A(u — up) =0 and R(u) = R(ug).

Thus if A is injective on E = {u € X : R(u) < +oco} or R satisfies Assumption @]
then uniqueness holds.

2.1. Parseval-like identity. We call E = {u € X : R(u) < +oo}. From now
on, we assume that F is a linear subspace of X and that R is even and positively
1-homogeneous on E, that is, R(au) = |a|R(u) for any v € E and any a € R. We
note that R(0) = 0.

Remark 2.3. If we further assume that R satisfies the triangle inequality on E,
that is,

R(u+ 1) < R(u) + R(@) for any u, @ € E,
then R satisfies (7)) and it is convex on E, thus on X.
We begin with the following statement.

Proposition 2.4. Let ug be a solution to (ZI). We call vg = f — A(ug), that is,
f = A(ug) +vg. Then

1
(2.2) <’Uo,A(’uO)>H = —R(Uo)
20
Consequently
1
(2.3) 1F117 = 1A (o)1 + llvoll 7 + A_OR(UO)'

Proof. We have that ug is a minimizer if and only if
(24) XollvollF + R(uo) < Aollvo — eA(h)II; + R(uo + €h)
for any h € F and any ¢ € R.
Let us apply the formula to h = g itself, with |¢| < 1. We obtain
2eXo(vo, Auo)) < eR(ug) + £ Xol|Auo) 1 -
Using 0 < € < 1, dividing by ¢ and letting € go to 0, we deduce that
2 0(vo, A(ug))r < R(ugp).

The converse inequality is obtained analogously using —1 < ¢ < 0. (I

Let us assume that a solution to ([21) exists for any f € H. Then we can build
the multiscale procedure, with a sequence of positive parameters A;, j > 0. We call
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v_1 = f. Then, if u; is the solution at step j, and v; = v;_1 — A(u;), for any j > 0,
we conclude that for any n > 0

n

F= M) v =AY uy | 4

j=0 7=0
and
= 1
(2.5 191 =3 (1Al + 5 RCws) ) + ol
7=0 !
Let
5o = inf {||f — A(o)||s : o€ X}
Then

(s4}

=7+
where f € A(X) and © is orthogonal to A(X), thus ||3]|z = do. Thus v, = & + 0,

where @, € A(X) and
lonll® = 18115 + 19nl7 = 65 + |Tn -

We can conclude with the following proposition, containing the Parseval-like
identity.

Proposition 2.5. Let us assume that a solution to (ZI)) exists for any f € H. If
U, — 0 in H, that is, lim ||f — A(op)||g = do, then
+oo +oo 1
20) f=i+ Y Aw) and 7= i+ 3 (A + 3-Rw).
7=0 j=0 J
Here the series on the left has to be intended in H and we recall that ||9|| g = do.

2.2. Characterization of minimizers. Let R be a Banach norm regularization,
that is, it satisfies Assumption [f] for a Banach space F. We recall that R satisfies
(C7) and it is convex on E, thus on X. Moreover, it is even and positively 1-
homogeneous on E.

Let G = F* and let || - ||« be its norm. Let f € H and f* be the linear functional
on H associated to f. We say that f* o A belongs to G if the functional F N X >
u = (f, A(u)) g is bounded with respect to the F-norm on u, that is, there exists
C' > 0 such that

(fiA(u))g < C|lul|p for any u € FNX.
We call
(2.7) If* o Allx =sup{({f, A(w))g : ve€ FNX with |Jul|p =1}.

Then, by Hahn-Banach, f* o A|pnx can be extended to an element of G with the
same || - ||«-norm.

Using Meyer’s arguments in [I1], the following well-known result can be easily
obtained.

Proposition 2.6. Let f € H and let ug be a solution to (2.1). Then we have the

following characterizations.

a) ug is a minimizer if and only if

(2.8) lvg o Al < i and  (vo, A(uo))g = i
where vg = f — A(ug) and v§ is the linear functional on H associated to vg.

b) up =0 if and only if f*o A € G and ||f* o Al|« <

l|uol| 7,

2X
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1
e) If ||f* o A« > CTW including when fo A ¢ G, then (Z8) may be replaced by

Ao

1 1
(2.9) lvg o All« = e and  {(vy, AMug))g = %Huoﬂp > 0.
2.3. Applications to the classical (BV-L?) decompositions. In the classical
(BV-L?) decomposition we have X = E = H = L?(Q), A is just the identity map,
a = 2 and f = 1. The set Q is either RY, N > 1, or a bounded domain with
Lipschitz boundary contained in RY, N > 1. About R, this is a BV-related norm
or seminorm, typically it is the total variation.

For Q = RN, N > 1, the homogeneous BV space on RY, N > 1, is defined as
follows. We say that v € BV (RY) if Du, its gradient in the distributional sense, is a
bounded vector valued Radon measure on RY and u satisfies a suitable condition at
infinity. Namely, if N = 1, then BV (R) C L*®(R), with continuous immersion, and
the condition at infinity here is that (a good representative of) u € BV (R) satisfies
tiir}loou(t) =0. If N > 2, we require that u € BV(RY) vanishes at infinity in a

weak sense. We note that BV/(RY) ¢ LN/(N=1)(RN) with continuous immersion,
and u belonging to LY/ (N=1)(RN) already guarantees that u vanishes at infinity in
a weak sense. Finally, we endow the homogeneous BV (R¥) space with the norm
given by the total variation of Du, namely

[ull v e~y = [Dul(RY) = TV (u).
We refer to Section 1.12 in Meyer’s book [I1] for further details.
About bounded domains, let us consider Q@ ¢ RY, N > 1, to be a bounded

domain with Lipschitz boundary. BV () is the set of L'(Q) functions such that
Du is a bounded vector valued Radon measure on €. Its norm is given by

lull v = llullLi@) + [ulBv(a)
where the seminorm |u|py () is just the total variation of u, that is, [Du|(2) =
TV (u). We recall that BV (Q) is continuously contained in LY/(N=1(Q) and that
it is compactly contained in L!(2).
Let

Li(Q){ueLl(Q): /Quo} andBV*(Q){ueBV(Q): /Qu: }

Then we note that
||U||Bv*(§z) = |U|BV(Q)
is a norm on BV, () which is topologically equivalent to the usual BV -norm.
Overall, we distinguish four different cases, in all of them f € H.
i) F=BV(RY), N 21, H = L3(RY), R(u) = [ul pyes) = | Dul®Y).
ii) Let Q be a bounded domain of RV, N > 1, with Lipschitz boundary. Then
F=BV(Q), H=L*9Q), R(u) = ||ullpv(q)-
iii) Let © be a bounded domain of RN, N > 1, with Lipschitz boundary. Then
F = BV(Q), H=L*(Q), R(u) = [u|py(a) = |Dul().
iv) Let Q be a bounded domain of RY, N > 1, with Lipschitz boundary. Then
F =BV.(Q), H = L}(), R(u) = |lullpv.(0) = |[ulpv@) = [Du|().

In any of these cases, (7)) and (L.8]) hold. Morevorer, existence, and uniqueness,
of a solution to (ZI)) is guaranteed, hence Assumption [l also holds. Therefore,
Theorem [T is true and all the results of Section 2] applies. In particular, see for
more details Theorem 3.2, Theorem 3.3 and Remark 3.4 in [13], in all these cases
vy, — 0 in H, that is, we can apply Proposition 2.5 with 6o = 0 and ¥ = 0 and the
multiscale decomposition and the Parseval-like identity of (2.6) hold true. We note
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that in [I3] the Parseval-like identity was stated only for N = 2 but actually holds
in any dimension N > 1.

Remark 2.7. We compare cases [ii) and [v)). Let f € L?(2) and let us consider
case ), that is,

(210) min {)\Onf - ’LLH%Q(Q) + |U|Bv(Q) IS BV(Q) n LQ(Q)} .

Then the minimizer ug satisfies

IR

Hence if f € L2(2), the two minimization problems, ([ZI0) and the one of case
), namely

(211) min {/\0||f — U||%2(Q) + ||u||BV*(Q) u e BV*(Q) N LQ(Q)} ,

are perfectly equivalent.
Moreover, for any f € L?(2), the minimizer uo of (ZI0) is such that

1/ N
u=-— [ f+a
RTINS

~ 1
where 4y € BV,(Q) solves (ZII) with f replaced by f = f — @/ f € LA(Q).
Q

Finally, vo = fo — ug = fo — o € L2(Q). We conclude that, up to removing the
constant given by the mean of f on €, case[ll) can be reduced to case[¥]), where the
main advantage is that the penalization term is actually a norm. Moreover, in the
multiscale procedure such an issue appears in the first step only, since vy € L2(1),
thus v, € L2(Q) for any n € N.

Finally, in all cases the results of Subsection are valid. In fact, for cases [,
) and [¥), R is indeed the norm of a Banach space. About case ), this can be
reduced to case[lvl by Remark 2.7

3. REGULARIZATION BY HILBERT NORMS

We consider the convex case. Namely, we assume that E is convex and that
E > 0 — d(A,A(0)) is a continuous convex function. Let R : X — [0, +0oc] be a
convex function on X satisfying the assumptions of Theorem [[.T] We assume that
a>1and g > 1.

We further assume that R satisfies Assumption @l Let Assumption [B] be satisfied
and let & € E be a solution to (ILI3]). Let us call

ceX

(3.1) S = {5 € E: R(6) < +oo and d(A,A(#)) = 6 = min d([\,A(U))} .

Note that S is a convex set and, by Assumption @ on R, ¢ solving (IL.I3) is unique,
that is, Sopr = {6}.

We call o1 = 0. Clearly ¢ = ug € FE solution to ([L.2)) satisfies R(ug) < R(5) <
R(5) for any ¢ € S. If 09 = ug = &, then o, = 6 for any n > 1. For any n > 0, if
On—1 € S, then o,, = 0,1 for any m > n. Let n > 0 and let u,, be the solution to
[3) and o,, = 0y,—1 + uy,. We consider the segment connecting o,, to 6 € S, that
is,

I={z(t) =0, +1t(6d —0on), t€[0,1]}
and we claim that

(3.2) R(x — op—1) > R(uy,) for any x € I\{on}.
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Let us assume that I\{c,} is not empty. Then, by contradiction, assume that
R(z(tg) — on-1) < R(u,) for some 0 < ty < 1. By convexity, we have

(3.3) (d(/K,A(ac(t)))CY < (d(A,A(on))a forany 0 <t <1
and by Assumption 4 on R

(R(z(t) — 0n-1))" < (R(uy))? for any 0 < t < t,
thus contradicting the minimality of w,,.

Remark 3.1. To prove (32), we have used the convexity of E 3 ¢ — d(A, A(0))
only to show ([33)). Indeed, convexity implies that, being 6 a minimizer, the function
[0,1] 5 t — d(A, A(z(t)) is decreasing with respect to ¢.

3.1. Convergence results. We show that the simple observation contained in
B2) has a very important consequence when the regularization R is chosen to be
the norm of a Hilbert space, that is, when Assumption [0l is satisfied.

In fact, under Assumption il and assuming that (LI0) and (TII) hold, we have
for any 6 € S

(3.4) |6 — onlla, < |6 —0n-1llg, forany n>0.

Property (3.4]) follows from the property (3.2). In fact, assuming that o, is different
from &, for any 0 <t <1

||z(t) - Unflnﬁil = ||Un + t(& - Un) - Jnflniﬁ > ”Jn - Un71||%{17
that is,

|6 — onllf, +2t{on — 0p-1,6 — o), >0 forany 0 <t <1,
which implies
(35) <Un *O—nfl;&*o—n>H1 > 0.
We conclude that
(3.6) |6 —on-1lly,

— 116 = ol + llow — Tl + 200w — on1,5 — 0u)i, > 15— ould

and (3.4) is proved.

Theorem 3.2. Let E C X be convex and let E > o — d(A, A(c)) be a continuous
convex function. Let us assume that R is as in Assumption [ and that it satisfies
(CI0) and (CII). Let Assumption[d be satisfied. Let « > 1 and 8 > 1.

Then, calling o—1 = 0, for any n > 0 we have
(3.7) distg, (op,S) < disty, (6n-1,95) < |6, -

Furthermore, if lim \,, = +o00, we have
n

(3.8) limd(A, A(o,,)) = dp = mig d(A, A(0)),
n ogc

and

(3.9) lim dist x (o, 5) = 0.

Finally, for any subsequence {on, }ren there exists a subsequence {O’nkj }ien con-
verging to ooo € S as j — +00.

Remark 3.3. Contrary to the classical multiscale procedure, no control on the
order of infinity of the sequence A, is required. This is essentially due to Assump-
tion Bl Moreover, by Assumption Bl we do not require condition (L)), that is, that
Hi N FE is dense in E.
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Proof. The decreasing property of (3.7)) is an immediate consequence of ([3.4]).
About [B.8)), we follow the proof of [I3, Theorem 2.1]. Actually the argument
here is much simpler. By contradiction, assume that dy < €9. We have that
6o =d(AA(6)) <eo and ||6]|m, < +oo.
For any n > 0,
A (d(A, A0))) " + luallfr, < Aa (AR, A@E))" + 116 = onllfy,
hence
0 < An(ef = 05) < 16— omallfy, < 6117,
If lim A\, = 400, we obtain a contradiction and (B8] is proved.

Before showing ([3.9), we prove the last property. Since ||on||m, < 2|6]|m, for
any n > 0, by compactness, there exists a subsequence of {O’nkj }jen converging in
X t0 0o. By [B8), we immediately conclude that d(A, A(0s)) = o and, by lower
semicontinuity, ||oso|lm, < 2[|6|m,, that is, 0o € S. Thus the last property holds
true.

About B3], by contradiction let us assume that it is not true. Then there exists
e > 0 and a subsequence {0y, }ren such that distx (on,,S) > € for any k¥ € N. But
this contradicts the last property. O

Remark 3.4. As it can be seen from the proof and using Remark [3.1} in Theo-
rem B2l we can replace the assumption that £ 3 o — d(A, A(0)) is convex with the
following. It is enough to assume that for & as in Assumption Bl and for any ¢ € E
we have

[0,1] 5t~ d(A,A(6 + t(c — #))) is increasing with respect to t.
The only difference in the result is that we need to replace (3.7) with
(3.10) lon — &lla, < |lon-1—6llg, < ||6]|g, for any n > 0.

Corollary 3.5. Let E = X, Y be a strictly convex Banach space and A : X — 'Y be

a bounded linear operator. Let us assume that R is as in Assumption B, it satisfies

(CI0) and (CII), and that Hy N X s a closed subspace of Hi. In other words, we

assume that Hy C X. Let Assumption[3 be satisfied and let « > 1 and 8 > 1.
Then, calling o_1 = 0, for any n > 0 we have

(3.11) dist g, (0, S) < disty, (on-1,95) < ||6] &, -

Furthermore, if lim \,, = +o00, we have
n

(3.12) limd(A, A(o,,)) = 6 = mig d(A, A(0)),
n S

and
(3.13) limo, =6 in X,
that is,

“+o0

o= Uy in X.
n=0

Proof. Clearly (811) and (3I2) hold tue. It remains to prove ([BI3). First of all,
we note that, since H; C X and the immersion is compact, if v,, — v weakly in
Hi, then v, — v strongly in X. We investigate the structure of S. We note that
S is a convex set which is closed in Hy. Moreover, let ¢ € S, with ¢ # 6. Then,
|A—A(0)|ly = |[A—A(6)|]y implies, by the strict convexity of Y, that A(5) = A(6).
We conclude that

S=6+ (Ker(A)NHy) =6+ K
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where K is a suitable closed subspace of H;. Note that ||5]| < ||| for any ¢ € S,
hence ¢ is orthogonal to K, since & is the projection of 0 on S.

When K = {0}, that is, when A is injective on Hy, S = {6} and B13) imme-
diately follows from (3.9]). Otherwise, assume that K is not trivial. We claim that,
for any n > 0, uy,, hence o, is orthogonal to K in H;. Since o_; = 0, it is enough
to show by induction that 0,,_; orthogonal to K implies that u, is orthogonal to
K. Let v € K\{0} and let 6 = 6 4+ Av for some constant A € R. Then, recalling
B3A), we have

(Up, A0+ —on)y, >0 forany A € R
which implies

(Un, vy, =0 and  (up, 6 —op)m, >0
and the required orthogonality is proved.

By contradiction, let us assume that for some subsequence {0, }ren we have
On, — Ooo € S in X with oo # 6, that is, 0o = 6 + v for some v € K\{0}. But,
up to a subsequence which we do not relabel, o, — 0o, weakly in H;. We deduce
that

0= (0n, V)b, = (Too, V), for any v € K,
hence o, = ¢ + v is orthogonal to K. Since ¢ is orthogonal to K, we obtain a
contradiction if v # 0. O

3.2. Improvement of the stability of the reconstruction. We show how the
stability of the reconstruction for a linear inverse ill-posed problem may be improved
if we use the multiscale procedure with a Hilbert norm as regularization. Let us
consider the assumptions of Corollary Let Y = H be a Hilbert space with
scalar product (-,-)y and norm || - ||g. Let X be a Banach space, E = X, and
let A : X — H be a bounded linear operator. Let us assume that R is as in
Assumption [6, it satisfies (II0) and (LII)), and that H; N X is a closed subspace
of Hy. In other words, we assume that H; € X. We consider « = 2 and 8 = 1.
Let 6 € H; be such that A = A(&), hence Assumption [Bis satisfied. Moreover, we
assume that A is injective on Hy, thus ¢ is the only solution to the inverse problem

A(o) =A
under the a priori hypothesis that 0 € H;. We note that we are considering exact
data without any noise.
Let {An}n>0 be a strictly increasing sequence of positive parameters such that
lim \,, = +o0. By Corollary [3.3 we know that the sequence o,, constructed by our
n

multiscale procedure is converging to . We now consider a corresponding single-
step regularization. Namely, let 6, for any n > 0, be the solution to

(3.14) min{/\nH]\fA(o)H%{wL||o||H1: JGX}.
We note that o, and &, are uniquely identified. Moreover, we have that for any
n>0
6= onllm <ol

and .
1] 1,

An
We can conclude that also ,, converges to & in X as n — +00. On the other hand,
we recall that for any n > 0

1A = an)ll7 <

(3.15) o —onllm, <6 —on-1llm < |o]m
and A
|6 — onllm

A 2 <
IAG = o)y < 7
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since 16 — an-1ll, < 116 — oullm, + [unla,-
Let us assume that

1
A(G) o Al|x > —.
1A@) o Al > 73
Then, for any n > 0,
. L 1
(3.16) IA(6 — o) o Alls = ||A(6 — Gp) 0 Al = T

We can consider this, roughly speaking, as the resolution or the scale we wish to
obtain by our reconstruction method for the inverse problem. Hence the two meth-
ods give the same resolution. However, the multiscale method behaves better with
respect to stability. In fact, let us assume that the following conditional stability
estimate holds. For any C > 0, there exists a modulus of continuity we such that
if ||o||mg, < C, then

lollx < wo(llA(@)m)-

Clearly, we < we, for any 0 < C' < (. Then, unless we have any further informa-
tion, we can just compare

L [5lm
(3.17) 16— onllx < wjs)m, N\, 1

with

. 0 —onllu

(3.18) 16— oulx < @i, | 1722l
1 /\n

Recalling (B1H), it is evident that the second one is better and that it can potentially

improve with n, both in the error, besides the factor \,, and in the a priori bound.

3.3. Image deblurring with Hilbert regularization: numerical illustration.
In the following, we compare numerically the multiscale decomposition method and
the single-step procedure defined by (3.I4) on an image deblurring test problem.
Our goal is to verify that the multiscale approach practically improves the stability
of the image reconstruction, as theoretically suggested by the estimates (B17)-(BI8)
given in the previous section. All the numerical experiments hereby reported have
been performed by means of routines implemented in Matlab R2023a.

Let us assume that the unknown image belongs to the space H'(Q2), Q = (0,1)?,
equipped with the usual norm |[[o| g1 ) = (||O'||2L2(Q) + HVJ||2L2(Q))%. Note that
this regularization space preserves smoothness but does not allow for edges [5] [10].
Furthermore, we let A : L?(Q) — L?(£2) be a continuous linear operator modelling
the blurring process on the image. Given an observed image A € L2 (Q), we aim at
solving the linear inverse problem A(6) = A, where 6 € H L(Q) denotes the clean
image that needs be restored. Under the assumption that a unique solution & to
the inverse problem exists, we can conclude that the sequence {0y, }n>0 generated
by the multiscale procedure, as well as the sequence {6, },>0 generated by the
single-step procedure, converge to 6 in L?(Q) as n — +oo.

We discretize the problem as follows. Let h = 1/N be the discretization step
and &5, = (6((i — 1)h, (j — 1)h))N,_; the (vectorized) matrix in RN’ representing
a discretized version of the clean image & in H'(f). Analogously, A, € RN xN?
denotes the blurring matrix obtained by discretization of the blurring operator A,
and A, € RV ’ represents the discretization of the observed image A. Then, our
discrete problem consists in finding 6, such that Apéy, = [\h.
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FIGURE 1. Test images. Crab Nebula NGC 1952 (left) and plane-
tary Nebula NGC 7027 (right).

For a discrete image u = (u;;);;—; in RN*| we denote the 0-th and 1-st order
Tikhonov terms as

N N
lull3 = ui;, IVulld =Y (wirr, —wig)? + (uijgr — uij)*.
1,7 7,j=1

Given a parameter § > 0, we consider the following discretized and smoothed
version of the H'-norm:

1
Ry i (u) = ([[ull3 + [|Vull3 +6%) 2.
Let {An}nen be a sequence of positive parameters with lim A, = +00. Then, the
n
multiscale procedure generates the sequence of iterates {op n nen in RN? as follows

(3.19) Oh,1 = Up,1 = argmin )\1||/~\h — Apull3 + Ry, g1 (u)
u€RN?
Up,n, = argmin )\nHAh —Ap(u+ opn—1)|3 + Ry 1 (w)
(320) uGRNZ
Ohpn = Ohn—1+Unn, MN=2,3,...

Likewise, the sequence {G n}nen generated by the single-step procedure is given
by

(3.21) Gnn = argmin A\ ||Ap, — Apol|2 + Ry (0), n=1,2,...
oERN?

We consider two Hubble Space Telescope 256 x 256 grayscale images, representing
the Crab Nebula NGC 1952 and the planetary Nebula NGC 7027, respectively, see
Figure[ll These images have been previously employed in several astronomical image
deconvolution tests [11, [3, 14} [I7]. We note that the H' regularization is well-suited
for these images, as they are smooth objects whose borders fade smoothly into the
background.

Two different tests are set up. In the first test, we aim at restoring the artificially
blurred images of the two nebulas, assuming that no noise is present in the data.
We simulate numerically the blurred images by convolving each test image with a
Gaussian kernel of size 9 x 9 and standard deviation 2. The top right corner of the
resulting blurred images are reported in Figure 2] (first column). In the second test,
we also corrupt the blurred images by adding white Gaussian noise with variance
0.01. The top right corner of the resulting blurred and noisy images are shown in
Figure B (first column).

In the noiseless tests, we set A\, = 2"7°, n = 1,...,40, as the sequence of
regularization parameters in both the multiscale procedure [BI9)-(320) and the
single-step procedure ([B.2I)); likewise, in the noisy tests, we choose \, = 2775,
n = 1,...,20, for both methods. Note that, at each iteration, both procedures

n—>5
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» o

FIGURE 2. Noiseless tests. Zoomed details of the Crab Nebula
NGC 1952 (first row) and the planetary Nebula NGC 7027 (second
row). From left to right: blurred image, best deblurred image with
single-step procedure, and best deblurred image with multiscale
procedure.

require the solution of a minimization subproblem of the form min_ pv2 Fi (o),

where Fy, j, : RY & Ris continuously differentiable and convex. We solve these
subproblems by means of a gradient method of the form

(0) c RNZ
Ui(f:l) = Uf(le OéMeVFh,n(o,(ﬂ), (=0,1,...

where the steplength oy > 0 belongs to a compact subset of the positive real
numbers set and is computed by adaptive alternation the two Barzilai-Borwein
rules [4], whereas the linesearch parameter Ay € (0, 1] is computed by performing an
Armijo linesearch along the descent direction. Note that such a scheme is guaranteed
to converge to a minimizer of Fj, ,, in the convex setting for any choice of the initial

guess a,(lozl, see e.g. [2| B]. For the multiscale approach, the initial guess of the

subproblem solver is chosen as either the observed image A, for n = 1, or the
image A — Apop n—1 for each n > 2. For the single-step procedure, we let Aj, be
the initial guess of the subproblem solver for all n € N. For both procedures, we
stop the inner sequence {O'}(le}gz() when either a maximum number of £y, = 2-10%
iterations is reached or the following stopping criterion is met

41 ¢ /41
|Fin@iin ) = Ennom)ll _ IV Fnn (gt )l »
(é+1) < and T T B <7, T=10"".
||Fh,n<ahn )| IV En (o)

Focusing on the noiseless tests, we show in Figure 2 the top right corner of
the deblurred images provided by the single-step regularization method (second
column) and the multiscale method (third column), respectively, equipped with
the values of the regularization parameter A, that yield the lowest reconstruction
error for both methods. For the Crab Nebula NGC 1952 (first row), the single-step
regularization method provides its best deblurred image for A\3p = 2%® corresponding
to a relative reconstruction error |6y, — 1| /||0%|| of 0.140, whereas the multiscale
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FIGURE 3. Noisy tests. Zoomed details of the Crab Nebula NGC
1952 (first row) and the planetary Nebula NGC 7027 (second row).
From left to right: blurred image, best deblurred image with single-
step procedure, and best deblurred image with multiscale proce-
dure.

method provides its best deblurred image at the last iteration, i.e. for Ay = 23°,
with a relative reconstruction error ||op,, — &3|/||0n| of 0.050. For the planetary
Nebula NGC 7027 (second row), both methods provide their best deblurred image
at the last iteration, however the single-step regularization method yields an error
of 0.016, whereas the multiscale method retains an error of 0.004. Therefore, for
both tests images, the multiscale method yields the lowest reconstruction error and
provides the best and most detailed image, as it can be seen by looking at the
zoomed details in Figure

Figured shows the decrease of the relative reconstruction errors of the two meth-
ods in the noiseless tests. From these plots, we can see that the single-step regu-
larization method becomes numerically unstable after the first 15 — 20 iterations,
whereas the multiscale method outperforms significantly the single-step method for
most iterations. These results are coherent with the theoretical estimates [B.I7)-
BI8), which suggested the superiority of the multiscale method in terms of stability
of the reconstruction.

Regarding the noisy tests, we report the top right corner of the deblurred im-
ages in Figure Bl For the Crab Nebula NGC 1952, the two methods provides the
same minimum value of the reconstruction error (0.2), although the multiscale
method reaches the minimum three iterations later than the single-step regulariza-
tion method, i.e. with A\g = 2*. Analogously, for the planetary Nebula NGC 7027,
the multiscale method reaches a slightly smaller value of the reconstruction error
(0.041 against 0.047) three iterations later than its competitor, with A\; = 22. Vi-
sually, the two deblurred images of the Crab Nebula NGC 1952 look comparable,
whereas the multiscale method provides a less noisy reconstruction of the second
test image. The plots of the relative reconstruction error in Figure [3.3]suggest that
the multiscale method is more robust to the presence of noise, as the minimum
values are reached at a later stage, which according to (B.I0) corresponds to a finer
scale, and are kept for longer iterations than the single-step approach.
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FIGURE 4. Noiseless tests. Decrease of the relative error ||op ., —
anll/||on] for the multiscale method (blue, dashed line) and |6, n —
&nll/||6n]| for the single-step regularization method (red, solid line),
with respect to the iteration number. Left: Nebula NGC 1952.
Right: Nebula NGC 7027.
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FIGURE 5. Noisy tests. Decrease of the relative error |[op, —
anll/||on] for the multiscale method (blue, dashed line) and |6, n—
&nll/ |61l for the single-step regularization method (red, solid line),
with respect to the iteration number. Left: Nebula NGC 1952.
Right: Nebula NGC 7027.

4. COUNTEREXAMPLES

In this section we construct examples showing that the tighter multiscale version
can be needed even in the linear case. Overall we present three counterexamples,
the first two in a discrete settings, namely for sequences spaces, the third in a
continuous setting for the reconstruction of a deformed signal.

4.1. First counterexample for sequences spaces. Let X = F =1, and H = [5.
We consider

+oo
F=FE= {76 L e =Y nll < +00}-
n=1
We define R as in (IL.I4]). We note that R is convex on X, it satisfies Assumption 2
and we also have F' C X. Note that

G = {Ii : |I&|l« = sup |2—n| < Jroo}

neN
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where the duality is given by

+oo
(k,vy) = Zm,ﬁn for any k € G and v € F.
n=1
We fix a =2 and g = 1.

We fix constants M > 2, a9 >0,k €N, k>3,¢0>0,b>0,0<6<1/k. We
k

cal Ay =1—-kd,A; =6,i=2,...,k—1, and Ax = 26, so that ZAi = 1. For any
i=1
m=1,....k wecall Cp = Y A;. Clearly Cy = A; and Cj = 1.

i=1
For any n > 0 we let
)\n = OéoMn.
For any j € N, let
co
M=\ and p; = —dn;.
For any j > 0, let

b

(4.1) Uj = m€j+2

and, for any n > 0, let

(4.2) Opn = Zu]

We note that lim ||oy, || x = +o0.
n
We define the linear operator A : X — H as follows. For any j > 2

. k
J
Alej) = 5 l(Z Ainj+i2€j+i2> + My k—2€j1k—2 — Uj+k1€j+k1‘|

i=1

whereas

k +00
e = (32 Cumen ) (55 ) 4
m=1

m=k-+1
Clearly

+oo
(4.3) A(y) = quA(ej) for any v € 13.
j=1

Lemma 4.1. The operator A defined in ([L3) is a bounded linear operator from
X =1y into H = ls. Moreover, A is injective on ly, thus in particular on F.

Proof. 1t is immediate to check that A is a bounded linear operator from I; to la,
actually it is a bounded linear operator from [, to [ for any 1 < p < +o00. We now
prove that A is injective on [;. Let us assume that ¥ = A(y) = 0, that is, 7; = 0 for
any j € N. We call b; =b/j, j > 2, and we claim that A(y) = 0 if and only if

Ji_ —v; for any j > 2.
b
It follows that 3 = 0, thus v = 0, otherwise v = v1(1,—b/2,...,=b/j,...) & I*.

We prove the claim by induction. We have

72

0= =Aimy +Aim by
2
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that is, y2/ba = —71. Let j > 3 and assume that 7, /b, = —~; for any 2 <[ < j. For
2<m=j7-1<k,

m m
~ 2—1 j
0=%m = Conny1 + Y, Aitim Zm+ = | Gyt = Y A + Alz_]
= m—+2—i =2 J

and the claim is true for 2 < j < k. For m = k we have

k=1
~ (D
0 =9k = (k + px)y1 + (Apne + Hk)ﬂ + Z Amkv 2o
by = brta—i
k=1 N
k
=1k | Ch—1m1 — Z A + A2
i—2 b1

and the claim holds for 2 < j < k+1.Let j —1=m >k + 1. Then

Ym+2—i

Ym+2-k 7m+1—k]

+ tm
. |:bm+2k berlfk

k
0=+~ = A
Ym = NMmY1 + Z:ZI ilm bm+2fi

k
= Nm (Ck’Yl - Z Aivi + Ay Zm+1>

i=2 +1

and the proof is concluded. (I

We fix A = A(ey). Hence Assumption [Blis satisfied. In fact, e; € F and, by the
injectivity of A, ey is the only solution to

0= & = Ale)lm = min{[[|A - A() o : 7 €}
Nevertheless, we have the following result.

Theorem 4.2. For any M > 2 and ag > 0, if k = 5, there exist suitable constants
co>0,b>0,0<d < 1/k such that the sequence {op}n>0 as in [@I), @E2)
coincides with the multiscale sequence {0y, }n>0 given by (L2), (L3) and (TI).

Remark 4.3. A simpler version of this example, which illustrates the underlying
idea without all technicalities, is presented in [I5]. However, this simpler version
does not work for any M > 2 but only for M big enough, roughly for M > 6.

Remark 4.4. We note that, by injectivity of A and Remark 2.2] the multiscale
sequence is uniquely defined. Since ||oy, ||x — 400 as n — +00, we have an example
where no subsequence of o,, converges, despite we are in the linear case and both
Assumptions [2 and Bl hold. Let us note, however, that we can also consider A as
a bounded linear operator from Iy to lo. In this case, A is not injective anymore

and actually o, — 05 = Z —e;, where the series is in the Iy sense, and, by the
j=2
arguments developed in the proof of Lemma [Tl we have A(o) = A(er).
Another interesting fact is that, on the contrary, in this case the single-step
regularization actually works. Namely, for A > 0 we call &, the solution to

min {A[A(er) ~ A% + lollr : o € X},
and we have that ) is uniquely defined and it is not difficult to show that indeed

lim ||[A(er) — A(Gx)||lg =0 and lim |le; —aallx = 0.
A—+oo A—+o00
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Proof. By the characterization of minimizers developed in Subsection 2.2] in par-
ticular by Proposition 2.8 it is enough to show that for any n > 0 we have

(44) [(Aler) — Alon)) 0 Alls < =

< E and

1

(Aler) = Alowm), Mun)hr = 53-

unllF,
that is, that (28] holds for any n > 0.
ni b
For any n > 0, we call ny = n+ 2 > 2 and compute A(o,,) = Z —-A(ej). We
— J
j=2

have, for 2 < n; <k,

n1—1 k ni—1
A(oyn) = (Z Cmnmem> + ( Z <Z Am+1i> nmem>

m=ni i=1

ni+k—2
+ < Z (1 - Cm+17n1) nmem> + K€k — Mni+k—1€ny4+k—1
m=k+1

and forny > k+1
k—1 ni—1
m=1 m=k

ni+k—2
+ ( Z (1- Cm+1—n1)77mem> + Mk€k — fny4k—1€n,+k—1-

m=ni

We conclude that, in both cases, that is, for any ny > 2,

n1+k—2
A(el) - A(U") = ( Z Cm+1—n177m€m> + (nn1+k—1 + Mn1+k—1)en1+k—1

m=ni .
+ < Z nmem> .

m=ni+k

For any j e Nand n; =n+2 > 2, we call
1
Ajn, = 3<A(61) = A(ow), Alej))m

so that
[(Ale1) — Alon)) o Allx = sup [Ajn, |-
jEN

Our aim is to show that the following claim is true.

Claim 1. For any M > 2 and a9 > 0, if K = 5, there exist suitable constants
co>0,b>0,0< 0 < 1/k such that the following holds. For any n > 0, calling
n1 =n + 2, we have

11 M
ﬁ 200 M™ 209M™
More precisely, let j(n1) = min{j : 2 <j <nq:A;,, #0}. We claim that

(4.5) [Ajn | < Apiny = for any j € N.

(46) 0< Al,'m < Aj(nl),np Aj7"1 < Aj+17n1 for any j(nl) Sj < ni
and 0< Ay p, + Aj(nl),nl < Aj(n1)+1,n1 if j(n1) <m

(4.7) 0<Ajiin, <Ajn foranyj>n.
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Indeed, (d4) immediately follows from Claim [I] hence the proof of Theorem
would be concluded.
It remains to prove Claim [Il We begin by computing A, ,,,. First,

k=1
A, = ( > Congiom, Cmn?n> + Ch1—ny Mk (e + f1k)

m=ni

ni+k—2
+ ( Z Cm+1—n17772n> + (nnl-i-k—l + lf/n1+k—1)77n1+k—1

m=k+1
“+o0
+< Z nfn> for 2 <ny <k,

m=ni+k

and

ni1+k—2
Al,n1 = Clnn1 (77711 + /’[’nl) + ( Z Cm+1—n177'r2n>

m=ni+1

+oo
+ My +k—1 + By +k=1) Ty +k—1 + < Z 77,271> for ny =k,

m=ni+k

and, finally,

ni1+k—2
A, = ( Z Cm+1n17772n> + (Mna+k=1 =+ Moy +k—1) 00, +k—1

—+oo
—|—< Z ni) for n1 > k.

m=ni-+k

We note that in all cases, that is, for any ny > 2

= 2 Co M
O<A1a”1§2nm:Mm M1 .

m=ni

We have
Ajn, =0 forany2<j<n —k

from which j(n1) as in the statement of the claim is equal to max{2,nq — k + 1}.
For j =n; +s—k, with 1 <s <k and j > 2, we have

ni+s—3
2
bAnlJrsfk,nl - g CerlfnlAQJrkfermfnl Nm

m=ni
+ Csflnn1+sf2(Ak77n1+572 + Mn1+572) - CsﬂnlJrsflnnlJrsfl-

Hence

o 005 u Cm
An1+s—k,n1 - anl <Z Mml) .

m=1

The most important term is for j = n;

ni1+k—3
bAp, ny = ( Z Cm+1n1A2+mn17772n>

m=ni

+ Cr—1Mny +k—2(AkNny k-2 + finy+k—2) = Pyt k—1 Moy k-1 + Moy +k—1)-
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We have that

k—3
Co Cm+1A2+m Ak -0 5(1 — 5)
Anymy = e KZ T) tC1gm= T

m=0
k—1
cod Cm 1-94 cod M?
= = K =
bM™ <mz_:1 Mm—1 * Mk1> bM™ 200 M™
hence ¢y has to be defined as
bM?
4.8 = .
(4.8) O 000K

Note that K > 0 depends on M, k and § only. It is immediate to check that
0<Ajn <Ay n forany 2 < j < ny and that the second condition in ([6) is
satisfied. Moreover, the first and third conditions in ([&6]), which immediately imply
0< Ay, <Ay n,,aresatisfied provided we fix b such that
M 5(1 — ko) (M —1)6(1 — k¢)
M-1 < bMFE=1 7 2MF
Hence, once k and § are fixed, first b and then ¢y can be chosen as required. The
choice of k and 4 is crucial to compare A, ,, with A;,, for j > n;, which we
compute next. For j = n; + 1 we have

n1+k—2
2
bAnlJrlﬂn = Z Aerlfnl Cm+1fn177m

m=ni

that is, b =

+ (A = 6)(1 = 0 ey + M7 1

therefore

k—2
Co Cerl 5(1 — 5) 5
A"1+17"1b—7‘[nl<‘4§+5§ N + TR—1 +—k .
m=1

We recall that

k—2
Co Cm+1 5(1 —6)
Apyng =——— | A16+ 6 ,
me( ot mz::le T
hence we need to show that, for some 0 < A1 < land 0 <0 = (1 — A1)/k < 1/k,

we have 5
1-A
2 2 1

A1(1 — Al)

A= 3

that is, multiplying by &,

1 1
(k+1)A%+<1W>A1+W<0.

14+ -1
For 0 < A; = % < 1, the previous polynomial is negative if and only if
1 k+1
14+ —>2 i

M*k Mk
But for £ = 5 we have

hence when M*/? > Vk + Vk + 1.

M2 > 252 5 /54 /6.
We conclude that, for £ =5 and
1 1 1

5 11— 5
12M or, equivalently, § = TM

we have Ap 11,5, < An,n,- We also note that 4; < 4.

Ay =
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For j =n;+ s, 2 < s <k, we have

ni+k—2
bAjn, = ( Z Am+2msCm+1n17772n> + Aprr-s(1 - 5)777211-1-k—1+

m=ni+s—1

ni1+s+k—3
+ < > A’m+2—n1—8n72n> + (AkNjrk—2 + Hjth—2)Mj+k—2 = Hjth—1Tj+k—1,
m=ni+k
that is, for j =n1 +s,2<s< k-2,
A . Co AlCS b2 5Cm+1 1 - 5 Mt
Jm = g\ prs—1 + Mm Mk 1 Z Mm :

m=s

and

A . Co Alck,1 1 - 5 2
ni+k—1,n1 = bM ™ ME—2 Mk 1 Z Mm .

and

A o Co A1 1-— 5 kal
S Ve W Vi Mm )"

Let us compare A, 450, With Ay, fo11n, for 1 <s § k: — 2. We have

bM'm—i—s—l
—_— (Anl-i-s,nl - An1+s+17"1)
Co
(6 — A1)Csq1 1) 9 )
:Alcs+ M _Mk+1 >A1_—Mk+1
since Cs > A; forany 1 < s <k —2 and A; < §. Since
1 111 1)
A > — > >
1~ 124~ 6026 ~ Mo
we conclude that for any 1 < s <k —2
(4-9) Am,m > An1+sm1 > An1+s+1,n1-
Fors=k—-1
an1+k—2
— (AnlJrkfl,nl - An1+k7n1)
Co
(0—A1)(1-9) ) 9 )
:Alck_1+ M _Mk“"l >A1—W
and we infer that (£9) holds for any 1 < s <k — 1.
Forj>ni+k+1
Jj+k—3
bAjn = Z Ao | + (Aknjsk—2 + tjek—2)j+k—2 — fjth—17j+k—1
m=j—1
hence
o Al jfnl“rk*l
Ajn, = s | A=t + Z U forj>ni +k+ 1.
m=j—ni

It is immediate to see that for any 7 > ni + k + 1 we have

Ajﬂh = MAjJanl > Aj+17n1'

23
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Hence to prove [T it is enough to show that A, 1xn, > Anytkt+1,n,- We have

anl—i-k—l
- (An1+k,77,1 - Anl"rk"l‘l,nl)
Co
(6 — Ay) 5 9 5
:A1(1*5>+ M 7Mk+1>A1*W
since A; + d§ < 1. We have shown (41), thus the proof is concluded. O

4.2. Second counterexample for sequences spaces. A simple rescaling argu-
ment leads to the following case. Let X = E = H = l5. We consider

+oo
(4.10) F=E=F,= {7612: Ve =Y vVl <+oo}.
n=1

For any 57 > 0, let
b

4.11 = .
( ) Uj m%-‘ﬂ

and, for any n > 0, let
(4.12) O = Zuj.

We note that lim ||o, || x = +o00.
n

Using the same notation as before, we define the linear operator A : X — H as
follows. For any j > 2

(4.13) Ale;)

q k
J
= % l(z Ainj+i—2€j+i—2> + Ujtk—2€j+k—2 — Nj+k—1€j+k_1‘|

i=1

whereas
k +oo
(4.14) Aler) = <Z Cmnmem> + < Z nmem> + prek.
m=1 m=k+1

Clearly

“+o00
(4.15) A(y) = quA(ej) for any v € Ils.

=1

As in Lemma ] we have that the operator A defined in (£I5) is a bounded
linear operator from X = [y into H = ly. Moreover, A is injective on [, thus in
particular on F' = F,. Then, for A = A(e;), in a completely analogous way one can
prove the corresponding version of Theorem

Theorem 4.5. For any M > 2 and ag > 0, if kK = 5, there exist suitable constants
o >0,b>0,0<3d < 1/k such that the sequence {op}n>0 as in (LII),
coincides with the multiscale sequence {op}n>0 given by (L2), (L3) and (TI).

We just make a few remarks. If, for any j € N and n; =n+2 > 2, we call

L (Aer) - Aow) Ale;)

Ajﬂh = W

then
[(A(er) = A(on)) o Allx = sup [Ajn, |-
jEN
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Moreover, the numbers A; ,, coincide with those of the first example, hence they
satisfy Claim [ from which the proof of Theorem immediately follows.

4.3. A not converging multiscale decomposition for a bounded linear
blurring operator on the line. We call
e; = (—1)j§><1j for any j € N.

where {I; = [a;,b;]}jen is a sequence of closed pairwise disjoint intervals such that
a1 = 0 and

4
0<aj<bj=aj+=<ajy =bj+j> foranyj>1.
J
We call L; = (bj,aj41) and we have |I;| =4/j and |L;| = j* for any j € N.

We have that {e;};en is an orthonormal system in L?(R) and for any v € Iy we
have

+oo
E Vi€j
j=1

where F3 is as in (I0) and || - ||gy(r) is the norm of the homogeneous BV (R)
space, that is, it coincides with the total variation. We call H the closure of the
span of {e;};en, that is,

“+00
=yl and | e = [Vl r
j=1

L2(R) BV (R)

—+o0

we H ifand only if u= Z%ej for some v € [5.
j=1
We call
+oo
K= {v € L*R): v= Z"%‘XLJ- for some k € loo}
j=1

and note that K is orthogonal to H. We call
P=(H+K)*
hence any w € L?(R) can be written in a unique way as
w=u+v+z withue H, ve K and z € P.

We note that if z € P, then

/z:/ z=0 foranyjeN.
I Lj

Let us investigate the behaviour of the total variation for such a decomposition.
We use the following notation. For any a € R and for a (good representative of a)

BV function w, we denote a® = lim w(x). We have the following lemma whose
r—a

proof is immediate.
Lemma 4.6. Let z € L*((—00,0)). Then
ID2|((~00,0)) > [2(07).
Let I an open interval and let z € L*(I) be such that [; z=0. Then

[Dz|(I) = [z (a)| + |27 (b)I-
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Finally, we have, for w=u+v + z € L3(R),

Vi _
lutv+zlpve 2| -5 +z(af) — 2(a; )‘

+Z D+ 1))+ [20)] + [2(])]]

-—+Z(b )sz(bf)‘

—+oo -
_ ; vi+1
+ Z K+ 2(aj,) — (=17 'y 5 Z(a;rﬂ)
j=1

+oo +oo
2 lu+vlpve 2 Z Vi - 22 ;.
j=1 j=1

We define A : L?(R) — L*(R) as follows. We define, for any j € N, A(e;) as in
(#14) and (£I3), hence
+oo
(4.16) Alu) = Z%‘A(@j) for any u = Zvjej with v € ls.

j=1
Instead, we define
Alv+z)=v+z foranyv e K and z € P,
that is, A|7. is the identity.

Lemma 4.7. We have that A : L*(R) — L?*(R) is a bounded linear injective
operator. Moreover, the problem

(4.17) min{A[|A — A(w)||2L2(]R) + lwllpvw) : we L*(R)}
admits a unique solution for any A > 0 and any A € L? (R).

Proof. First of all, we note that A(u) € H for any u € H and it coincides with
the operator A defined in our second variant, therefore A|z : H — H C L*(R) is a
bounded linear injective operator. Since A(?) = @ for any © € H+, we immediately
conclude that A is a bounded linear and injective operator.

Hence, only the solvability of ([.I7) needs a proof. This is not completely trivial.
Let A=440+ 2z and let w"™ = u"™ + v™ 4+ 2", n € N, be a minimizing sequence.
We note that the minimum problem can be written as

min { X~ )32z + A0 — vll3a) + A2~ =

+lut+v+zpym : w=utv+zeE LQ(R)}
hence we can assume that for some constant C
lu™ + 0" + 2" By @), V" |L2@) + 12" |L2@) < C  for any n € N.
Hence, by Lemma [£.0],

—+o0 —+o0
C 2 [[u™ + 0" + 2" By = lu" + 0" sy = Y P IVG—2) Ik
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We have

“+oo “+oo _7
PUARDIIA
j=1 Jj=1 J

1/2 1/2
“+00 +oo 1
< D kP > = | = Cillvallae < GO,
j=1 j=1

We conclude that
+oo
lunllzo@ = [Vl < Ivlln <D IV < C+26:C.
j=1
Therefore, for some constant C' we have for any n € N
[w™ 2@y, W™ lBv @) < C.

Then we argue like for the classical Rudin-Osher-Fatemi model. Namely, we can
assume passing to subsequences that u™, v™ and 2™ weakly converge in L?(R) to u,
v and z respectively. By semicontinuity

||?~J - 'UHLQ(]R) < 1imninf H’E - Un||L2(R) and ||2 - ZHLQ(]R) < leilinf HZ - ZnHLZ(R)
and
lu+ v+ w||BV(]R) < liminf [|[u" + 0™ + w" || gy (w)-
n

Since A is linear and continuous, u™ weakly converging to u implies that A(u™)
weakly converges to A(u) and we immediately conclude that

i — A(w) |3 < lim inf || — Au™)[172m)-

Hence w = w + v + z is a minimizer. Uniqueness follows by Remark and the
proof is concluded. O

Remark 4.8. If 7 = 0, that is, A = @ + 0, then, w, the solution to {IT), is such
that z = 0, that is, w = u + v where u + v solve

(4.18) min{)\Hﬂ - A(u)||2L2(]R) + Al — UH%Z(R) + lu+ vl pve) :
w=u+veH+ K}.
For any 57 > 0, let
(4.19) Uj =

and, for any n > 0, let

(4.20) on = uj.

=2
li}gn HUHHL?(R) = +4o00.
n+2

Moreover, |0y 11(®) = QbZ ; and ||on| gy (r) = b(n 4 1) thus we also have
j=2

1171;I1H0'n||L1(R) = +o00 and h};nHO’n”BV(]R) = +00.
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We fix A = A(e;). Our aim is to show that the following result holds.

Theorem 4.10. For any M > 2 and ag > 0, if kK = 5, there exist suitable constants
o >0,b>0,0<3d < 1/k such that the sequence {op}n>0 as in (EI9), (£20)
coincides with the multiscale sequence {0y, }n>0 given by (L2), (L3) and (TI).

The remaining part of this section is devoted to the proof of Theorem EL10I We
argue by induction. We call A = A_; and, for any n > 0, A,, = A— A(0,,), where o,
is as in ([20). For any n > 0, we show that w,, as in (£19) is the unique minimizer
for

min{an : w:u—i—veﬁ—i—K}

where F,(w) = Ap||An_1 — A(w )||L2 ) T Wl Bv(®). By convexity, a necessary and
sufficient condition is that the followmg kind of directional derivative is nonnegative
for any direction, namely

aﬂ(un) = lim sup Fnun + ew) = Fo(un)

>0 foranyw€ﬁ+K.
ow e—=0t €

Let

+oo +oo
’LU:U,—F’U :Zan[j +ZﬁjXLj‘

j=1 j=1
Since w € L?(R), we have that

|O‘J|2
4.21 < h li f =0.
(4.21) g +00, hence 1mﬁn la;| =

Then, with n; = n + 2, since ||u,| gy @) = b for any n > 0,

E,(upn + ew) — Fy(uy)
= —2ne(Anm1 = Alun), Aw)) + 2| A(w)|[ 2y + [[un +cwll By @) — b
= -2\ E(i\ — A(O‘n) A(U)> + E2HA(’LU)||%2(]R) + ||Un + EwHBV(]R) —b

:mnsz A0+ 2 (M) 22y + 1032y )

+ ||un + EwHBV(R) — b
Hence, we can equivalently define

oF,
—(u,) =1 4N, n1 n —-b
(1) = timsup £ - eZ A5+ lun + ewlviey = )

which is convenient since from now on we can drop the assumption that v € L?(R)
and keep only the one that w € BV (R). This implies in particular that at least we

b
have {a;}jen € loo and {B;}jen € loo. We recall that u, = (—1)”15)(1”1 and we

can assume that, for 0 < ¢ < gq,
by {la;l, 1851}
Z a . ny
5 > 2emarllal 19

From now on, we always assume that 0 < ¢ < gg. We have that, with the new
definition,

oF, oF,
- > —
ow (un) 2 ow (un)
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+oo
for @ = w(u) = u + 0(u) where 9(u) = Z BjXLj is chosen as follows. First, since
j=1

b/2 = elom, | > emax{las], |55},
we set
Br,—1 =max{ay,, 1,0} and B,, = max{a,, 41,0}, for n; even
and
Br,—1 =min{ay,, 1,0} and B, = min{a,, 41,0}, for n; odd.

For all remaining j € N\{n; — 1,n1}, the rule is the following. If aja;41 > 0, we

pick |8, = min{|eyl, |oj+1]}, with sign equal to the sign of the one, if any, which

is not 0. If aja41 < 0, we pick §; = 0. In fact such a 9(u) has indeed the effect
—+oo

of minimizing |[u, + (u + v)||py (r) for all v = ZBJXLJ' Hence, without loss of
j=1

generality, in what follows we assume that v = ¥(u) and note that we can drop

completely the dependence on v in the directional derivative, namely we call, with

a slight abuse of notation

oF,

Ol ; un +e(u+o(u)lBy@ — b
ou ’

+oo
(4.22) (tn) = —4Xn Y _(=1) Aj n,; + limsup
j=1

e—0t

Our aim is to show that for any u € L*(R) with u + ©(u) € BV (R), we have that

OF,
—— (uy,) defined as in ([@22)) is nonnegative.

oy

We begin by considering the parameter a,, . If we consider @ = u —ap, x1,,, then
oF, oF, - .
a—(un) = T(un) In fact, first we note that o(u) = 9(@). Then

u U

— A\ (1) Apy iy = (—1)" 1 2eqy,,

and [|up, +e(u+0(u)) | pvw) = l|un +e(t+9(0))|| By (®) + (—1)"2ea,, . Therefore,
in what follows we further assume without loss of generality that u is such that
oy, = 0.
We use the convention that BO = BOO = 0. We consider four different cases.
i) Let n1 < jo < j1 < 400 be such that «;, for jo < j < ji or jo < j if j; = 400,
are either all positive or all negative and Bjo_l = le =0.
ii) Let 1 < jo < j1 < nq be such that «, for jo < j < j1, are either all positive or
all negative and Bjo*l = le =0.
iii) Let jo = n1 +1 < j1 < 400 and let us assume that for any jo < j < j; or
jo < jif j1 = 400, (~1)™a; > 0 and 3;, = 0.
iv) Let 1 < jo < j1 = n1 — 1 and let us assume that for any jo < j < ji,
(71)”10@' > 0 and B]‘O,1 =0.
We begin with the following lemma.

Lemma 4.11. In all cases, we call u the function which is obtained from u by
setting a; = 0 for any jo < j < j1 or jo < Jj if j1 = +o00.

In cases ) and M), assume |o;| > |oji1| for any jo < j < ji.

In cases ) and V), assume |oj| < |ajy1| for any jo < j < ji.

F, F, — o .
(?a—(un) > %(un), directional derivatives defined as in (£22]).
u 0
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Proof. We call w = u + 9(u) and & = 4 + 0(a).
Let us prove the first case. We have that
[un + ewllpy @) = llun + bl v @) + 2¢]y, |,

using ({.2I)) when j; = +oco. The contribution given by these «;, jo < j < j1 or
jogjlf_jl:—f—OO,IS

—4Mne Z Ajn o

Jj=Jo

and by (1)

_4)\715 Z J ni a] < 4)‘715AJ0»711 |a30| < 25|ajo|

Jj=Jjo

and the first case is proved.
About the second case, the argument is completely analogous. In fact, we have
that

un + ewl By ) = llun + e Bv(®) + 2¢€|ay, |-

The contribution given by these a;, jo < j < j1, is

—4dne Z Ajn, o

Jj=Jjo

and by (L)

—4Ane Z Ajnyoy| < 2¢]ay, |.

Jj=Jjo

Some extra care is required in this case. If 2 < jg, then we easily obtain

—4\e Z Ajpyo| < ANaeAj ooy, | < 2¢lay, |-
J=Jjo

If jo =1 and j1 > j(n1), then

J1 J1
74An€ Z (71)jAj,nIOéj = 74)\716(71)1417”1041 — 4An€ Z (71)jAj,nIOéj
Jj=jo Jj=j(n1)

< 4/\n€Aj1,n1|O‘j1| < 2€|aj1|

since we use Ay, < Aj(n,) when j(n1) is even and Ay, +Aj(n,) < Aj(n,)+1 When
j(n1) is odd. The same argument works when j; = j(n1) with j(n1) even.
If jo =1 and j; = j(n1) with j(n1) odd, then

—4Ane Z J ny Q| = =4dAe |A1 n1 Q1 + AJ("l)»nl J(m)‘ < 2€|QJ1|
J=jo

since we use A1, + Ajny) < Ajm+1 < 1/(2\)
Finally, if jo = 1 and j1 < j(n1), then, since A;,, < 1/(2\,),

—4X\e Z Ajnaj| =4 |Arn, 0] < 2e|ai]| < 2¢elay, |-
Jj=Jo



OPTIMALITY FOR MULTISCALE DECOMPOSITIONS 31

Both in the third and fourth case, we have |u, + cw||py () = [|un + 0| By (®)-
In the third case, —4A,e(—1)" 1A, 11,0, @ny+1 > 0 and the contribution given by
these o, jo < j < jior jo < jif j1 = 400, is

J1
74An€ Z (*1)]Aj,n1aj
j=ni+1
which is also positive by (@7]).
In the fourth case, again —4\,,e(—1)""1A,,, _1 n, an, —1 > 0 and the contribution
given these oy, jo < j < ji, is
ni—1
74)\715 Z (71)JAj7n104j
J=Jjo
which is also positive by (6]), using a similar care as for the second case. In
particular, the only case when j; = n; — 1 < j(n1) is when j(n1) = n; and that
happens only for n; = 2, therefore in this case jo = j1 = 1 and n; = 2. ([

Next, we show that if the monotonicity properties of Lemma [£11] are not sat-
isfied, they can be achieved by iterating the following procedure. We begin with a
definition.

Definition 4.12. In the first and third case, we say that jo < kg < k1 < j1 define
a strict local mazimum region if |o;| = o for any kg < j < ky and |Bg,_1] < a and
|Br, | < a. Note that k; < +oc by @2T). We call & = max{|Br, 1|, |8k |}-

In the second and fourth case, we say that jo < kg < k1 < j;1 define a strict local
minimum region if |a;| = o for any ko < j < k1, |ag,—1| > « and either k; = j; or
|k, +1] > . We call & = |ag,—1] if k1 = j1 or & = min{|ag,—1], |k, +1/}-

Remark 4.13. We satisfy the assumptions of Lemma[£TT]if and only if there is no
local maximum or, respectively, minimum region. For this purpose, when j; = 400
we use in particular (£2T]).

Lemma 4.14. Let u' be obtained from u by the following procedure.
In the first and third case, for any local mazimum region we drop |oj| = «,
konSkl, to .
In the second and fourth case, for any local minimum region we raise |a;| = «,
k’ofjgkl, to a.
oF, JF,

Then a—u(un) > 8—1;(“")’ directional derivatives defined as in (L22).

Proof. We use the same kind of argument as in the proof of first two cases in
Lemma ETTl In fact, we call w! = u! 4+ ¥(u') and note that

[un + ew| gy = |lun + cw' || By @) + 2¢la — d.

Then for ky < j < k1, the values of «; are constant so satisfy the required mono-
tonicity property. [l

By applying the same procedure to u', we construct a sequence {u™},en, with
coeflicients af", j € N, along which the directional derivative is decreasing. We note
that o} = aj, for any m € N. More importantly, for any of the regions [jo, j1],
if for some u™ the coefficients |a§"|, jo < 7 < ji1, are decreasing or, respectively,
increasing, then the procedure stops in this region, that is, oz}”“ = af', for any
jo < j < j1. Moreover, if j; is finite, the procedure has to stop after at most j; — jo

steps. In fact, there are at most j; — jo intervals which are candidates to be [k, k1]
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and at each step the number of candidates reduces of at least one, hence the number
of candidates is zero after j; — jo steps.

After n; steps, for all regions [jo, j1] in the second and fourth cases, the coef-
ficients |a}'|, jo < j < ji1, are increasing, then we can apply Lemma AIT] thus
without loss of generality we can assume from the very beginning that a; = 0 for
any j=1,...,n1.

Let us consider the first and third cases. First of all we note that for any j > n;
and any m € N, |a§”+1| < |af| < |a;|. Besides jo, there might be other coefficients
aq, jo < 1 < j1 which remain constant along the sequence {u™},,en. In particular,
this is true if |a;| > |y for any jo < j <I. When j; = +o0, there exists a sequence
{lk }ren such that for any k € N we have jo < lp < lpq1, || > |ou,| > |og, | and
laj| > |y, | for any jo < j < ;. This may be easily constructed by induction using
(@EZT). In fact, let [ > jo be such that |a;, | > lag, | and call /; the index minimizing
la;| for jo < j < I1. Then, let Iy > I, be such that oy, | > |al~2| and call 5 the index
minimizing |a;| for jo < j < l5. Clearly Iy > I; and by iterating the procedure we
construct the desired sequence. We conclude that for any £ € N and any m € N,
we have o = ay,. We can now conclude the proof of Theorem ET0

Proof of Theorem[.10, We assume «; = 0 for any 1 < j < n;. We easily infer
that there exists {a3°} en such that, as m — 400, we have that aJ* — a$° for any
j € N and, by the dominated convergence theorem, u™ converges in L?(R) to u*°,
the function corresponding to the sequence {a3°};en. Then, for m € NU{+oo}, we
call w™ = u™ 4 0(u"™). It is easily seen that, for any m € N,

llun + 5wm+1||BV(]R) < lun +ew™|| vy < llun + cwl| gy (w),
therefore by semicontinuity of the total variation
(4.23) lun +ew™||py @) < l|lun +cw™||pyv®) < l|un + cw| By ®).-
By the continuity of A, it is also easy to infer that as m — 400
—2Xe(A — A(0p), A(u™)) = —2Xne(A — A(oy), A(u™)).

Hence, we conclude that for any m € N

oF, oF, ok,

Fue () < g (un) < = (un),
where all these directional derivatives are defined as in (£.22).

Finally, for all intervals [jo, j1], {j°}jen satisfies the monotonicity property of
Lemma [Tl In fact, whenever j; is finite, this is true for any m > j; — jo, hence for
m = +oo as well. If j; = 400, for any k € N, for any m > [, and any jo < j < i,
we have that |a]'| is constant with respect to m and decreasing with respect to
7. Hence |a;?°| is decreasing with respect to j on [jo,l;] for any k € N, hence on
[jOa +OO)

— oF,

By Lemma [Tl since u> = 0, we infer that a—(un) > 0 and the proof is
uOO

concluded. (|

5. CONCLUSIONS

Our results suggest that for the multiscale procedure for inverse problems it
might be convenient to adopt a Hilbert norm regularization, possibly also in the
nonlinear case. Such kind of regularization might help both to guarantee conver-
gence in the unknowns space and to stabilize the reconstruction procedure, which
is an important desirable feature. In fact, the multiscale procedure for inverse prob-
lems might serve for two purposes. First, we solve the inverse problem and at the
same time we have a multiscale decomposition of the solution which is driven by
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the inverse problem itself. Second, as A\, grows, the stability of the minimization
problem

min {)\n(d(f\,A(u)))a +(R@)?: ue E}

degrades, sometimes very rapidly. It can be speculated that ([3) is instead more
stable, by exploiting the fact that o,_1 is already a good approximation of the
solution, thus we have a very nice initial guess and we can restrict our problem to a
local one near o,_1. Hence, at the same level of resolution, the multiscale procedure
might turn out to be more reliable.

On the other hand, if a different kind of regularization is used, our counterex-
amples suggest that it would be better to adopt the tighter multiscale procedure
developed in [13] instead of the classical one.
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